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Abstrat
An expliit model of neutrino texture is presented, where in the 6×6 mass matrix the
Majorana lefthanded omponent is zero, the Majorana righthanded omponent  diag-
onal with equal entries, and the Dira omponent gets a hierarhial struture, deformed
by nearly bimaximal mixing. If the Majorana righthanded omponent dominates over the
Dira omponent, the familiar seesaw mehanism leads eetively to the popular, nearly
bimaximal osillations of ative neutrinos. The Dira omponent, before its deformation,
may be similar in shape to the harged-lepton and quark mass matries. Then, param-
eters for solar and atmospheri neutrinos may be related to eah other, prediting from
the SuperKamiokande value of ∆m232 a tiny ∆m
2
21, typial for MSW LOW solar solution
(rather than for MSW Large Mixing Angle solution).
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1. Introdution. As is well known, the popular nearly bimaximal form of mixing matrix
for three ative neutrinos νeL, νµL, ντL [1℄,
U (3) =





arising from its generi shape à la Cabibbo-Kobayashi-Maskawa [2℄ by putting s13 = 0
and c12 , s12 , c23 , s23 not so far from 1/
√
2, is globally onsistent with neutrino osil-
lation experiments [3℄ for solar νe's and atmospheri νµ's as well as with the negative
Chooz experiment for reator ν¯e's. It annot explain, however, the possible LSND eet
for aelerator ν¯µ's that, if onrmed, may require the existene of one, at least, extra





). This sterile neutrino may appear in the so-alled 2+2 or 3+1
version [3℄.
If ative neutrinos ναL (α = e, µ, τ) are of Majorana type, their eetive mass term in








αβ νβL + h. c. , (2)










(here, the normal ordering of bilinear neutrino terms is impliit).
In the avor representation, where the harged-lepton 3× 3 mass matrix is diagonal, the






is, at the same time, the unitary
diagonalizing matrix for the neutrino 3× 3 mass matrix,
U (3) †M (3)U (3) = diag(m1 , m2 , m3) (3)
with m1 , m2 , m3 denoting neutrino masses (real numbers). This is true, if M
(3)
is not
only symmetri but also real, i.e., its possible two Majorana phases and one Dira phase









is orthogonal and real. In partiular, for U (3) given in Eq. (1)
the Dira phase δ is absent, due to s13 = 0 (e.g. Ue3 = s13e
−iδ = 0). The ative-neutrino
1







αi νiL , (4)
even if three CP violating phases are nontrivial. Note that CP violation in the neutrino
osillations may be aused only by the Dira phase δ (if it is present in the mixing matrix
U (3)).
Aording to the popular viewpoint, the ative-neutrino eetive mass term (2) arises
through the familiar seesaw mehanism [4℄ from the generi neutrino mass term



















+ h. c. (5)
inluding both the ative neutrinos ναL and (ναL)
c
as well as the (onventional) sterile
neutrinos ναR and (ναR)
c (α = e , µ , τ). In the seesaw ase, the Majorana righthanded

















whih is expeted to be zero (M (D) and M (L), in ontrast toM (R), violate the eletroweak
symmetry SU(2)×U(1); of the two, only the rst may arise from the onventional doublet
Higgs mehanism in a renormalizable way). Suh a seesaw mehanism leads eetively
to the ative-neutrino (Majorana) mass matrix M (3) appearing in the mass term (2).
Then, M (3) ≃ −M (D)M (R)−1M (D) T , and so, M (3) is guaranteed to be small, while the
(onventional) sterile neutrinos get approximatelyM (R) as their eetive (Majorana) mass
matrix and, therefore, are pratially deoupled from the ative neutrinos. Opposite to
the seesaw ase is the pseudo-Dira ase, when M (D) is presumed to dominate over M (R)
(and over the vanishing M (L)) [5℄. Then, −M (D) and +M (D) (or vie versa) beome
approximately the eetive (Majorana) mass matries for ative and (onventional) sterile
neutrinos, respetively. This implies m1 ≃ −m4, m2 ≃ −m5, m3 ≃ −m6 for the pseudo-
Dira neutrino mass spetrum.








appearing in the generi neutrino mass term (5). If in this model M (R) dominates over
M (D), the familiar seesaw mehanism leads eetively to the popular, nearly bimaximal
osillations of ative neutrinos. But, in this model, these nearly bimaximal osillations
hold also in the pseudo-Dira ase, when M (R) is dominated by M (D).








tan 2θ14 0 0
0 tan 2θ25 0

























(ij = 14, 25, 36) (9)
denote three dimensionless parameters, onneted with cij = cos θij and sij = sin θij or
tij = tan θij , while U
(3)
stands for the previous 3 × 3 mixing matrix given in Eq. (1).
Thus, the Dira omponent M (D) of the overall neutrino mass matrix M is a diagonal,
potentially hierarhial struture, deformed by the popular, nearly bimaximal mixing
matrix U (3) [6℄. Evidently, in this 6 × 6 model MT = M and M∗ = M (the possible CP
violation is ignored).
We laim that the unitary diagonalizing matrix U for the overall 6 × 6 mass matrix
M dened in Eqs. (7) and (8),

























 1 0 00 1 0
0 0 1

 , C(3) =

 c14 0 00 c25 0
0 0 c36

 , S(3) =





Evidently, UT = U−1 and U∗ = U . Further, we laim that the neutrino mass spetrum
takes the form














(ij = 14, 25, 36) . (13)
Thus, mi +mj =
0
m
and mi/mj = −t2ij .
The easiest way to prove the statement expressed by Eqs. (11) and (13) is to start
with the diagonalizing matrix U dened in Eqs. (11), (1) and (12), and then to show by
applying the formula
M = U diag(m1 , m2 , m3 , m4 , m5 , m6)U
†
(14)
that the mass matrix M is given as in Eqs. (6), (7) and (8), if the mass spetrum
m1, m2, m3, m4, m5, m6 is taken in the form (13).
In the avor representation, where harged-lepton mass matrix is diagonal, the 6× 6
diagonalizing matrix U is, at the same time, the 6×6 unitary mixing matrix relating three
ative and three (onventional) sterile avor neutrino elds ναL (α = e, µ, τ, es, µs, τs) with
six mass neutrino elds νiL (i = 1, 2, 3, 4, 5, 6): ναL =
∑
i UαiνiL, where ναsL ≡ (ναR)c (α =
e, µ, τ).
It may be interesting to observe that the 6 × 6 mass matrix M dened in Eqs. (6),






U † of the new simpler


































M (subjet to the deformation by nearly bimaximal mixing) is potentially hi-
erarhial. Before its deformation, this Dira omponent
0
M (D) may display a struture
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similar to the harged-lepton and quark 3× 3 mass matries whih, of ourse, are also of
Dira type.
In the seesaw mehanism [4℄ there appears an eetive 6×6 mass matrix Meff approx-
imately equal to the familiar blok-diagonal form,
Meff ≃
(












 1U † , (16)








m1(3). Thus, from Eqs. (15) and (13)











m1(3) ≃ diag(m4, m5, m6) , (18)
sine t2ij ≪ 1 (ij = 14, 25, 36), what is the seesaw requirement (see Eqs. (13) giving
mi/mj = −t2ij and mj ≃
0
m












U , and presenting M as a unitary
transform of Meff , M = UeffMeffU
†
eff , we obtain Ueff
1














valid under the seesaw requirement (t2ij ≪ 1).
For the ative-neutrino 3 × 3 mass matrix appearing in the eetive mass term (2)
we get M (3) = M
(L)
eff ≃ −M (D)M (R)−1M (D) T , if the seesaw mehanism works. As follows
5
from Eqs. (16), (11) and (17), it is approximately diagonalised by means of the nearly




(3) ≃ − 0M (D) 0M (R)−1 0M (D)T ≃ diag(m1, m2, m3) , (21)
where mi ≃ − 0mt2ij (ij = 14, 25, 36). Thus, in the seesaw approximation the mixing ma-
trix U (3) leads (in the vauum) to the familiar, nearly bimaximal osillation probabilities
P (νe → νe)sol = 1− (2c12s12)2 sin2(x21)sol ,








≃ 1− (2c23s23)2 sin2(x32)atm ,
P (ν¯µ → ν¯e)LSND = (2c12s12)2c223 sin2(x21)LSND ≃ 0 ,
P (ν¯e → ν¯e)Chooz = 1− (2c12s12)2 sin2(x21)Chooz ≃ 1 , (22)




, ∆m2lk = m
2
l −m2k (k, l = 1, 2, 3) (23)
(∆m2lk, L and E are measured in eV
2
, km and GeV, respetively).
It is worthwhile to mention that the pseudo-Dira mass spetrum an be derived from
Eqs. (13) as the formal limit mi = − lim[ 0m/(1 − t2ij)] = −mj with tij → 1 and
0
m → 0
(i.e., cij → 1/
√
2 ← sij). Then, it turns out that in our model also in the pseudo-Dira
ase the nearly bimaximal osillation formulae (22) hold. This is a onsequene of s13 = 0
in U (3) and of the mass-squared degeneray m2i = m
2
j (ij = 14, 25, 36).
Experimental estimations for solar νe's and atmospheri νµ's are θ12 ∼ (32◦ or 38◦),
|∆m221| ∼ (5 × 10−5 or 7.9 × 10−8) eV2 [7℄ and θ32 ∼ 45◦, |∆m232| ∼ 2.5 × 10−3 eV2 [8℄,
respetively. For solar νe's they orrespond to the MSW Large Mixing Angle solution









2) and c23 ∼ 1/
√
2 ∼ s23. The mass-
squared dierenes are hierarhial, ∆m221 ≪ ∆m232 ≃ ∆m231, implying in the ase of our
Eqs. (13) the option of hierarhial mass spetrum m21 < m
2
2 ≪ m23 with ∆m232 ≃ m23 and
∆m221/∆m
2
32 ∼ 2.0× 10−2 or 3.2× 10−5 (here, the ordering m21 ≤ m22 ≤ m23 is used).
6
The rate of neutrinoless double β deay (allowed only in the ase of Majorana-type νeL)









c212|m1| + s212|m2| ∼ (0.72|m1| + 0.28|m2| or 0.62|m1| + 0.38|m2|) in the seesaw ase of
c2ij ≫ s2ij and to mee = 0 in the pseudo-Dira ase of c2ij = 1/2 = s2ij and mi + mj =
0 (ij = 14, 25, 36). Sine |m1| ≤ |m2|, one obtains in the rst ase that |m1| ≤ mee ≤ |m2|.
The suggested experimental upper limit for mee is mee
<∼ (0.35  1) eV [9℄. If the atual
mee lay near its upper limit, then the option of nearly degenerate spetrumm
2
1 ≃ m22 ≃ m23
with hierarhial mass-squared dierenes ∆m221 ≪ ∆m232 ≃ ∆m231 would be favored.
3. Conlusions. In this note, an expliit model of neutrino texture was presented,
where in the overall 6 × 6 mass matrix M its lefthanded 3 × 3 omponent M (L) is zero,
its righthanded 3× 3 omponent M (R) is diagonal with equal entries and its Dira 3 × 3
omponent M (D) is given as a diagonal, potentially hierarhial struture, deformed by
the popular, nearly bimaximal 3 × 3 mixing matrix U (3). Before its deformation, suh
a Dira struture may be similar in shape to the harged-lepton and quark 3 × 3 mass
matries that, of ourse, are also of Dira type. In this model, if M (R) dominates over
M (D), the familiar seesaw mehanism works, leading eetively to the popular, nearly
bimaximal osillations of ative neutrinos, governed by the mixing matrix U (3) involved
in M (D).





























U≃ U †MU = diag(m1, m2, m3, m4, m5, m6) , Meff = U †effMUeff .
Here, Meff is the seesaw eetive mass matrix approximately equal to the familiar blok-
diagonal form.
4. Outlook. We nd attrative the idea expressed in Eq. (7) that the Dira omponent
of neutrino overall mass matrix is similar in shape to the harged-lepton and quark mass
matries, before this omponent is deformed by the nearly bimaximal mixing. To proeed
7
a bit further with this idea we will try to onjeture that this Dira omponent has a







0 4µ(e)(80 + ε(e))/9 0




whih predits aurately the mass mτ = M
(e)
ττ from the experimental values of masses
me = M
(e)
ee and mµ = M
(e)
µµ , when they are used as an input. In fat, we get then mτ =
1776.80 MeV [10℄ versus mexpτ = 1777.03
+0.30
−0.26 MeV [11℄ (and, in addition, µ
(e) = 85.9924
MeV and ε(e) = 0.172329). For a theoretial bakground of this partiular form of M (e)
the interested reader may onsult Ref. [12℄. Let us emphasize that the gures in the mass
matrix (24) are not tted ad usum Delphini.
Thus, making use of Eqs. (15) and (9) as well as the neutrino analogue of Eq. (24)
for
0









































Hene, taking ε(ν)= 0(already ε(e) is small) and antiipating that µ(ν)/
0
m≪1, we alulate









(note that the antiipation of µ(ν)/
0
m≪ 1 implies the hoie of the seesaw ase). Then,
from the rst Eqs. (13)
























32 = 1.24× 10−5. (28)
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Using in the seond Eq. (28) the SuperKamiokande estimate ∆m232 ∼ 2.5× 10−3 eV2 [8℄,
we get
µ(ν) 4 ∼ 1.4× 10−8 0m 2 eV2 , µ(ν) 2 ∼ 1.2× 10−4 0m eV . (29)
If taking reasonably µ(ν) ≤ µ(e) = 85.9924MeV, we obtain from Eq. (29) 0m <∼ 6.3×1010
GeV. Thus, in the ase of maximalisti onjeture of µ(ν) = µ(e) (and onsequently ε(ν) =
ε(e) ≃ 0) the mass sale is determined as 0m∼ 6.3 × 1010 GeV, and then from Eqs. (26)
t225 ∼ 2.8×10−24 and t236 ∼ 7.9×10−22. But, a dramatially smaller
0
m
an also give t2ij ≪ 1,
e.g. for
0
m∼ 1 eV we get µ(ν) 2 ∼ 1.2× 10−4eV2 and thus, from Eqs. (26) t225 ∼ 1.8× 10−4
and t236 ∼ 5.0 × 10−2. For suh a low mass sale
0
m
the three additional mass neutrinos
νjL (j = 4, 5, 6) would be also light sine mj ≃ 0m for t2ij ≪ 1, although |mi|/mj = t2ij ≪ 1
[see Eqs. (13)℄. This would not modify, however, the neutrino osillations desribed in
Eqs. (22) as long as t2ij ≪ 1 and so, the seesaw works. Then, νjL (j = 4, 5, 6) are
approximately equal to (ναR)
c (α = e, µ, τ) and deoupled from νiL (i = 1, 2, 3) whih in
turn are nearly idential with ναL (α = e, µ, τ).
From the ratio ∆m221/∆m
2
32 in Eq. (28) and the estimate ∆m
2




21 ∼ 3.1× 10−8 eV2 (30)
whih lies not so far from the experimental estimate ∆m221 ∼ 7.9 × 10−8 eV2 based on
the MSW LOW solar solution [7℄, whereas the favored experimental estimation based
on the MSW Large Mixing Angle solar solution is muh larger: ∆m221 ∼ 5 × 10−5 eV2.
So, if really true, the latter exludes dramatially the onjeture (25). Otherwise, this
onjeture might be a signiant step forwards in our understanding of neutrino texture,
in partiular, of the question of fermion universality extended to neutrinos.
If the preditions m21 = 0 and m
2
2 ∼ 3.1 × 10−8 eV2 were true, then our previous
estimate mee ∼ 0.62|m1|+0.38|m2| of the eetive mass of νe in the neutrinoless double β
deay would give mee ∼ 6.7× 10−5 eV, muh below the presently suggested experimental
upper limit mee
<∼ (0.35  1) eV [9℄ (reall, however, that here U (3)e3 = 0). Thus, these
preditions wouild imply the option of hierarhial neutrino spetrum 0 = m21 < m
2
2 ≪
m23 ∼ 2.5× 10−3 eV2 with the tiny m2ee ∼ 4.5× 10−9 eV2, muh too small to allow for the
detetion of 0νββ deay in present experiments.
9

























βα νβL + h. c. , (31)

























M (D)αα (α = e, µ, τ) as given in Eqs. (25) and µ
















= 20.7 ξ(ν) (33)















Here, ξ(ν) = µ(ν)/〈φ0〉 with 〈φ0〉 = 246.22 GeV [13℄. If µ(ν) ≤ µ(e) = 85.9924 MeV, then
ξ(ν) ≤ 3.4925× 10−4. The Dira omponent (34) of 6× 6 neutrino mass term arises from







0 − e−βLφ+) + h. c. , (36)
when L(ν)φ → L(ν)〈φ〉 with φ0 → 〈φ0〉 and φ+ → 〈φ+〉 = 0. The more familiar doublet








+ + e−αL φ





α δαβ (in the avor representation used here the harged-lepton mass matrix
is diagonal). Here, Y (e)α is given in Eqs. (33), when ξ
(ν)
and ε(ν) are replaed there by
ξ(e) = µ(e)/〈φ0〉 = 3.4925 × 10−4 and ε(e) = 0.172329, respetively.The arising harged-
lepton masses are meα = Y
(e)
α 〈φ0〉 = Mαα with ξ(e)〈φ0〉 = µ(e) = 85.9924 MeV (α = e, µ, τ ,
meα = me, mµ, mτ ), what gives me = 0.510999 MeV, mµ = 105.658 MeV, mτ = 1776.80




Finally, we would like to mention that if in our model there wereM (L) =
0
m1(3),M (R) =
0 and M (D) = − 0mU (3) 1
2
diag(tan 2θ14, tan 2θ25, tan 2θ36) [6℄, leading to the same U as in
Eqs. (11) and (12) but to the interhangedmi ↔ mj in Eqs. (13), then the predited∆m221
would be of the order of 10−5 eV2, not very far from its favored experimental estimate
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